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We study cosmological perturbations arising from thermal fluctuations in the big-bounce cos-
mology in the Einstein-Cartan-Sciama-Kibble theory of gravity. We show that such perturbations
cannot have a scale-invariant spectrum if fermionic matter minimally coupled to the torsion tensor
is macroscopically averaged as a spin fluid, but have a scale-invariant spectrum if the Dirac form of
the spin tensor of the fermionic matter is used.
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The Einstein-Cartan-Sciama-Kibble (ECSK) theory of gravity naturally extends general relativity by removing its
constraint of a symmetric affine connection [1]. The antisymmetric part of the connection, the torsion tensor, becomes
a dynamical variable related to the spin density of matter [2]. Since Dirac fields couple to the affine connection, the
intrinsic spin of fermions acts like a source of torsion. At extremely large densities, existing in black holes and in the
very early Universe, the minimal spinor-torsion coupling manifests itself as gravitational repulsion, which avoids the
formation of singularities from fermionic matter [3]. Accordingly, the big bang is replaced by a nonsingular bounce,
before which the Universe was contracting [4]. In addition to eliminating the initial singularity, this scenario solves the
flatness and horizon problems [5]. The ECSK theory therefore provides the simplest and most natural mechanism that
solves the above three major problems of the standard big-bang cosmology, without introducing additional matter
fields or specific conditions on their form. The ECSK gravity also passes all tests of general relativity, because even
at nuclear densities the contribution from torsion to the Einstein equations is negligibly small and both theories give
indistinguishable predictions.
The theory of cosmic inflation also solves the flatness and horizon problems, but it does not address the big-bang
singularity [6]. It predicts, however, the observed nearly scale-invariant spectrum of cosmological perturbations that
are responsible for large-scale structure of the Universe. These perturbations are formed during the inflationary
phase from the initial quantum vacuum fluctuations [7]. Such a spectrum can also emerge in a bouncing cosmology,
if the Universe in the collapsing phase was dominated by nonrelativistic matter [8]. Scale-invariant cosmological
perturbations after the bounce can also arise from thermal fluctuations in the cold, contracting Universe long before
the bounce [9].
The model of the Universe contracting from infinity in the past does not, however, explain what caused the contrac-
tion. An interesting scenario that solves this problem assumes that such a contraction corresponds to gravitational
collapse of matter inside a newly formed black hole existing in another universe [5, 10]. Extremely strong, anisotropic
gravitational forces in a collapsing black hole cause an intense pair production, which generates a large amount of
mass inside the black hole and isotropizes spacetime in the black hole [11]. At a torsion-induced nonsingular bounce,
the interior of a black hole is isotropic and the pair production ceases. After the bounce, a new (closed) universe
in a black hole expands, although such an expansion is not visible from the outside of the black hole due to infinite
redshift at its event horizon. Thermal fluctuations of matter near the bounce are thus the initial condition for the
cosmological perturbations in this universe. Such fluctuations in the ECSK bouncing cosmology [5, 12] are the subject
of this paper.
Before the bounce, all perturbation modes are within the cosmological horizon: their physical wavelengths are
smaller than the Hubble radius [9]. Shortly after the bounce, these modes exit the horizon: their wavelengths exceed
the Hubble radius. Upon the Hubble radius crossing, the matter fluctuations freeze out and the dynamics of the
perturbations is governed by the metric. The linearized fluctuations about a Friedman-Lemaˆıtre-Robertson-Walker
background metric in longitudinal gauge are given by ds2 = a2(η)[(1+2Φ)dη2−(1−2Φ)dx2], where a is the background
scale factor of the Universe, η is the conformal time defined through dη = dt/a(t), and Φ(η,x) is the gauge invariant
Bardeen potential (generalized Newtonian gravitational potential) describing the metric fluctuations (c = ~ = kB = 1)
[7]. The gravitational potential in Fourier space, Φk, satisfies an equation
Φ′′k + 2σHΦ′k +
(
c2sk
2 − 2(ǫ− σ)H2
)
Φk = 0, (1)
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2where k is the comoving wavenumber of the perturbation, H = a′/a is the comoving Hubble parameter, cs is the
speed of sound, ǫ = −H˙/H2, σ = −H¨/(2HH˙), H = a˙/a is the Hubble parameter, prime denotes differentiation with
respect to η, and dot denotes differentiation with respect to the cosmic time t [9]. At scales much larger than the
Hubble radius H−1, which are relevant for the study of cosmological perturbations, the last term on the left side of
(1) is negligibly small.
The time-time component of the perturbed Einstein equations,
∇2Φ− 3H(Φ′ +HΦ) = 4πGa2δρ, (2)
where δρ is the fluctuation of the energy density, relates the metric and matter fluctuations. The power spectrum of
the metric perturbations is equal to
PΦ(k) =
1
12π2
k3|Φk|2 = 1
4M4PH
4
k3〈δρ2k〉 =
1
4M4PH
4
〈δρ2〉, (3)
where brackets 〈〉 denote ensemble averaging, δρk is the fluctuation of the energy density in the momentum space,
and MP is the Planck mass [9]. The Hubble radius crossing is given by a relation k = aH = H. The fluctuation
correlation function in the position space for the energy density at the Hubble radius crossing must be evaluated in
a sphere of radius R(k), where R(k) is the physical length corresponding to the comoving momentum scale k [9].
In thermal equilibrium, the energy-density correlation function is given by
〈δρ2〉|R(k) = CV (R)
T 2
R6
, (4)
where CV (R) = ∂〈E〉/∂T is the heat capacity in a sphere of radius R, T is the temperature of the Universe, and E
is the internal energy [9]. The heat capacity is thus
CV (R) = R
3 ∂ρ
∂T
, (5)
where ρ is the energy density. In the Universe near the bounce, the matter is ultrarelativistic: ρ ∼ T 4. The power
spectrum (3) is therefore given by
PΦ(k) ∼M−4P H−1T 5. (6)
In a closed, homogeneous and isotropic early universe filled with fermionic matter macroscopically averaged as a
spin fluid [3], the Friedman equations lead to [5]
H = H0
(
ΩS aˆ
−6 +ΩRaˆ
−4
)1/2
, (7)
where H0 = (a0
√
Ω− 1)−1 is the present Hubble parameter, a0 is the present scale factor, aˆ = a/a0 is the normalized
scale factor, Ω > 1 is the present total density parameter (in the closed Universe), ΩR is the present radiation density
parameter, and ΩS is the negative and extremely small in magnitude, present spinor-torsion density parameter. The
temperature is related to the scale factor through
aT ∼ ΩR√
ΩS(1− Ω)
. (8)
Since ΩS < 0, the spinor-torsion coupling generates gravitational repulsion which is significant at very small aˆ,
preventing the cosmological singularity aˆ = 0. The expansion of the Universe starts when H = 0, at which the
normalized scale factor has a minimum but finite value aˆ = aˆm:
aˆm =
(
−ΩS
ΩR
)1/2
. (9)
Replacing the cosmic time t by the conformal time η changes (7) into an equation for aˆ(η):
daˆ
(ΩS aˆ−2 +ΩR)1/2
=
dη
(Ω− 1)1/2 . (10)
3If we choose η = 0 at the minimum scale factor, a(0) = am, then integrating (10) gives
a(η) = a(0)
(
1 +
η2
η2S
)1/2
, (11)
where
ηS =
√
ΩS(1− Ω)
ΩR
(12)
is the characteristic conformal time at which radiation begins to dominate over the spinor-torsion coupling. The
corresponding Hubble parameter H = −d(a−1)/dη is equal to
H(η) =
η
a0η2S
(
1 +
η2
η2S
)
−3/2
. (13)
Equation (11) represents a two-component fluid composed of radiation and stiff matter. The perturbations arising
from quantum vacuum fluctuations are nearly scale-invariant if the Universe filled with such a fluid has a slowly
contracting phase with a different a(η) [13].
The condition for the Hubble radius crossing becomes k = d ln a/dη. For the dynamics (11), this condition gives
η2 − k−1η + η2S = 0. (14)
Because of the intense pair production in the contracting phase of the Universe (in a black hole), we take the thermal
fluctuations at the bounce as the initial condition for the subsequent cosmological perturbations. The solution of (14)
at the Hubble radius exit is thus
η(k) =
1
2k
(
1−
√
1− 4η2Sk2
)
, (15)
showing the conformal time at which the perturbation mode with scale k leaves the horizon. It also constraints the
possible values of k: k ≤ (2ηS)−1. At large scales, this solution reduces to η(k) ≈ η2Sk. Substituting this relation,
together with (8), (11) and (13), into (6) gives the power spectrum of the metric perturbations at the horizon exit:
PΦ(k) ∼ (MPa0)−4η−5S (1 + η2Sk2)−1k−1 ≈ (MPa0)−4η−5S k−1. (16)
The corresponding spectral index nS , defined through PΦ(k) ∼ knS−1, is equal to 0, while the scale-invariant spectrum
has nS = 1. To compare, taking quantum vacuum fluctuations in the contracting Universe in the remote past as the
initial condition for the subsequent cosmological perturbations is even worse: nS = −1 [13]. The observed spectrum
of cosmological perturbations cannot therefore arise from thermal fluctuations at the nonsingular bounce induced by
the coupling between the torsion tensor and the fermionic matter approximated as a spin fluid in the ECSK gravity
[3, 5].
The spin-fluid description of macroscopic fermionic matter, however, is based on the particle approximation of
Dirac fields, which is not consistent with the conservation law for the spin tensor [14]. In [12], we used the Dirac
spin tensor, which follows from the Dirac Lagrangian for fermions without any approximations. We showed that the
minimal coupling between the torsion tensor and fermionic matter with the Dirac form of the spin tensor also leads
to gravitational repulsion at extremely high densities on the same order as those for spin fluids. Such a repulsion
avoids the initial singularity and solves the flatness and horizon problems [12], as in [6]. While the bounce generated
by the spin fluid coupled to torsion is characterized by a˙ = 0, which very rapidly grows to an enormous quantity (the
Hubble radius rapidly decreases from infinity to a very small quantity and perturbation modes exit the horizon), the
bounce generated by the Dirac spinors coupled to torsion is different: a˙ jumps there from a˙ = −v to a˙ = v, where
v is a very large quantity [12]. Accordingly, while perturbation modes in the former scenario leave the horizon at
different conformal times that depend on k, in the latter they leave the horizon at the same conformal time: the
conformal time of the bounce. The resulting power spectrum of the metric perturbations at the horizon exit does
not depend on k. The ECSK gravity combined with the Dirac theory of fermions therefore not only provides the
simplest and most natural mechanism that solves all major problems of the standard cosmology, but also predicts the
scale-invariant spectrum of cosmological perturbations. The implications of the Einstein-Cartan-Sciama-Kibble-Dirac
bouncing cosmology on the magnitude of the density inhomogeneities, δρ/ρ, will be investigated subsequently.
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